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TA YLOR'S THEOREM AND ITS LIMIT. 



BY A. W. WHITCOM, M. D., SHEBOYGAN FALLS, WISCONSIN. 

Suppose fx and f'x are finite and continuous functions for all values of 
x from x = x to x = x'-\-h. 

Then <p( x > + h)- fX > = ^ + ^ 

ft 

where <p is a positive proper fraction. 

Let J. and B be the algebraically greatest and least values of <p'x between 

the values x' and x'-\-li of x. Then J., B, f'x and S_i — , — are 

all positive, or all negative accordingly as <px is an increasing or a decreas- 
ing function. 

Put y — -4a; — <px (1), z — <p% — 5a;. (2) 

Then -^-=zA — <p'x, and -j- — <p'x — B, both of which are 

ax ax 

always positive, and consequently y and z are always increasing functions. 
Let x take each of the two values x' and x' -f- ft. in (1) and (2). Then, 
y' — A(x' + ft) — <p(x' + ft), z' — <p(x' + ft) — B(x' + ft), 
y = Ax' — <px', and z — fx' — Bx' . Therefore 

y' — y _ a f(x'+h)— fx z' — z _ <p(x'+h)— <px _ R 

ft, — ft. ~1T~ — h ' 

Because y and z are increasing functions, y — y and z — z are of the same 
sign as ft, and therefore the members of the last two equations are always 
positive. 

Consequently \jp(x'-\-h) — <px'~}-+-h is always less than A and greater than 
B. But (f'x in passing from A to B, passes through all intermediate val- 
ues, and therefore through [<p(x'-\-h) — <px']-t-h; and in this value of f'x, x 
has some value between x' and x + ft. Let x' -f- (ph represent this value of 
x, — (p being a positive proper fraction. Then, \_f(x -f- ft) — fx'~\ -4- ft. — 
<p'(x' -f- <ph) ; or we can write [<p(x-\-h) — <px]-+-h = <p'(x -f (ph), which will 
be true for all values of x and ft, within the limits of finite and continuous 
values of fx and f'x. 

Suppose now that fx, f'x, f'x . . . f 2 "x are finite and continuous functions, 
for all values of the variable from x to x -\- h; then by the foregoing prin- 
ciple we can have the following equations : 
[f (x-\- h)-fx ]-4-A, z=.<p (x+fi-Lh), where (p 1 is between and 1. (a) 

lf"(x+w: 2 h)-f"xj~w: 2 h = 9 '"(x+f z h), " <p z « « 0" if a .(e) 
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[<p'"(x+<p s h) — f"x]-+-<p 3 h ■=. f'"(x-\-<p 4 h), where (p^ isbet.Oand <p 3 . (d) 

f 1 {x +f h)-<p^ X = fn{x + ^ „ ^ „ K Q ^ ^ {g) 

<Pn—lli 

^{x + f^Ky^X = f 2n {x + <p2nh)) u ^U „ and ^ 2n _ i> {l) 

In general, </> lf <p 2 , ... are functions of both x and h, and do not reduce 
to zero when h — 0. For, each being alwys positive, and never exceeding 
unity, neither can contain h as a factor in every term and consequently can- 
not become zero when h = 0. Let <p\, </>' 2 , <p' z , ... be the values to which 
ip x , <}>.}, <p z , . . . respectively reduce, when A — 0. 

In (6), replace <p 1 in the denominator of the left member by <p\, and de- 
note what the right member becomes by <p"(x-\-$ 2 h). Then [^'(x+ip-Ji) — 
<p'x~\-Sr<l>\h — <p"(x -f- <p' 2 h). Let <p' 2 be substituted for (p 2 in the left mem- 
ber of (c), and denote what the right member becomes by <f'"(x + <p'z'h). 
Then [<p"{x + fJJi) — f "x~]+<p'lh = <p'"(x + fl'h). In this, let <p' 2 be 
substituted for <p 2 in the denominator of the left member and denote 
what the right member becomes by <p"\x -\- <p'^h). Then \_f"(x + (f) 2 h) 
— <p"x"\-i-<p' 2 h — (p"\x-\-<p' 3 h). Continuing this process, we shall finally get 
ly-^+sC-i^)— ?"~' l x~]-+-</''n-ih = <p n (x+f^h). Collecting the several 
results, we have with (a), [y>(x+h) — fx]-+-h = ^(x+ip-yh), [^'(x+cpyh) — 

pVH-ffift = f"(x+^h), 9 "(x+<p';h)-<p"x-]+<p' 2 h = <p'"(x+^h), .... 
l<T l (x+<P'U hy-ir-ixw^h = <p n (x+<p';h). 

Eliminating f^x + pyh), (p''(x-\-(p 2 h), .... <p"~ 1 {x+<p"_ 1 h), we get 
?(as+fc) = fx+h<p'x+f 1 hy'x+(p' 1 <p' 2 hY'x+ . . . <p\<p\ . . . fn-ih" 

Xf n (x+<p;:h). (3) 

In (3), <p' 1} <p 2 , . . . tp'«-x are independent of h, and <p" is some quantity 
which is in general a function of both x and h. By differentiating (3) n 
times with respect to h, we obtain the following equations: 
<p (x+h) zzz <p'x+2fi 1 h<p"x+ty\<p 2 hy'x+4<p' 1 f 2 <p' 3 hy , 'x+ . .. n<p\<p' 2 

. . . jfLiA- V(*+^'*)+^i^'» • • • fM^^+fflM 
p" (a+A) = 2jJi ?"a;+ 2.3^5, h<p'"x+3A<p' 1 f 2 f z hY"x+ . . . (n— l)n^' 2 

. . . jfLifc" _ M*+i*" A )+ 2B ^ii & '» • • • #.-iA"- W(*+CT-<a]+ • • 

<p'"(x+h) = 2.3j*i^ 2 y>'"a!+2.3.4j&' 1 f 2 f s hf"x+ .... (n-2)(n-l)ji^' 1 ^ 2 • • • 

^Li^-Vfa+^H^Wi^ • • • <pL 1 h"-*[d f n (x+<p:h)+dK]+ . . 

tp» (x+h) = 1.2.3 . . . n<p\<p' 2 . . . <p' n _ l9 n (x+<p':h)+n.2.3 . . . mp\<p\ . . . 

<PL 1 h[d f n (x+<p':h)^dh-]+ . . . (4) 

In these equations, let h — 0. Then we obtain <p'x = y>'a ; ^"# = 2^' x ^"as. 

. ■ . jJi = 1. «/"« = %Z<p\<p 2 f'"x y .-.#, = *. ?>'"'* = 2.3.4^i^'2^8f ""*i 
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. • . <p % = I ; and in general, <p! l _ 1 = l-*-n. These values of <p\ ... ^,'_ 1 
in (3) and (4) give respectively; 

ip (x+h) — (px+h<p'x+ -j(p"x+^<p'"x . . . ^-^ -qr(x+$h). (5) 

<p n (x+h) = <p"(x+f:h)+nh d ^ x +^ + ... (6) 

From (6) we find that <p n (x+fljh) < y>"(a;+&). . • . #,' < 1. If m be any 
integer between n and 2w, then (5) can become 

A 2 „ , A" „ , A n+1 „ A m 



<p(x-\-h) = wx-\-h<p'x+ ~--a>"x-\- . . . : — <p n x4- , — r-TrC> n a;+ 
2 w »+l 



TO 



x P -(a:+^). (7) 



y^as* #'&) = <p"x+-*—f n+1 x + — ^ y»+»g+. 7 A " 



«+l r ' (n+l)(?i+2) r ' "(n+lX»+2)..ro 

x p m (a;+^/i,). 
. • . <p n (x-\-<p2h) > p"a?, and <jj" is positive; but </>" <1, therefore it is a pos- 
itive proper fraction. From (5) and (7) we also find that <p" > <p„. Hence 
we have l>^i>^2>^s>^4 • • • ^"-i >$>'• Hence also, we can make <p" 
as small as we please, provided we can make n large enough and still have 
f "x finite and continuous. 

With this condition, we can make <p"(x-\-<p"h) differ from <p n x by as small 
an amount as may be desired, and we can write : 

A 2 h n 

<p(x+h) = <px+h<p'x+-j?"x+ + j—^x, (8) 

which gives the value of <p(x-\-h) to any desired degree of accuracy when 
n is large enough. 

Taylor's formula can be derived directly from equations (a), (b), (c), . . . 
as follows: — Because l>{*i>^ 2 • • • • >^2»-i>^2»> we can make f 2n (x+ 
<p 2n h) differ from <p 2n x by as small an amount as we please, provided we can 
make n large enough and still have f^x finite and continuous. Hence 

eliminating (p'(x-\-<p-Ji), (p"{x-\-<p^h) we get 

(p(x-{-h) — (px-\-h(p'x-\-(p l h 2 f"x+ (p 1 <p^h z (p'"x + ...ipx^z • • • <f>n-ih n f"x •+ 

M a . . . ^"+ V + >+ • • • M* • • • a _ifc a V"*, " (9) 
where the values of <p(x+h), will be expressed to any desired degree of ac- 
curacy, when n is large enough. 

Forming the differential coefficients of (9), regarding h as constant; and 
again regarding x as constant, and subtracting the second result from the 
first, we obtain, 

x #,*yvh»i (^-^)*y«+(* 1( s,-«# I M,)AV"« + . ■ • (io) 
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If in (10) we put 1 — 2<p t = 0, <fi 1 — 3^ 1 ^ 2 = 0, <pi<p% — ^'Pi'Pi'Pz 

= 0, then, <p x = J, <f> 2 = J, <pi = J, . . . </> 2n _ 1 = l-f-2ra; and 

these values being constants, 

c?^ 2 d^j e^ 2 d$ 2 
W ~dh' ~3x' ~dh' ' ' ' 
each becomes zero, and equation (10) is completely satisfied. Hence, <p x =J, 
^ 2 = 3j <J>z = ij • • • • ^2»-i = 1 -i- 2n, are always included among the 
possible values of these fractions in (9), and give 

f(x-\-h) — fx-\-h<p'x-\-- 1 r-f"x+ ...-. — <p n x-\ — — zr(p n+l x-\-...Tf— f 2n x+ ... 



2 r ' " \nj ' n+l r ' "' |2n_ 

... (11) 
We can also have from (a), (6), (c), . . . 
<p{x-\-h) — <px-\-h(p'x-\-(p 1 h 2 (p"x-\-ip 1 (p 2 h :i (p'"x-\- . . . ^j^ 2 • •• ^»-i^" 

X<p n (x+</> n h), 
in which, giving <p 1} <p 2 . . . their foregoing values and denoting by <p" what 
<p n may in consequence become, we get equation (5) in which <p" has been 
shown to be a positive proper fraction. 



NOTE ON THE HISTORY OF THE METHOD OF 
LEAST SQUARES. 



BY MANSFIELD MEBRIMAN, PH. D., NEW HAVEN, CONN. 

I. 

In the March number of this Journal I stated the first proof of the Meth- 
od of Least Squares to have been given by Dr. Robert Adrain in 1808 and 
the second by Gauss in 1809. At that time I had not seen Adrain's ori- 
ginal paper and my information concerning it had been entirely derived 
from an account and partial reprint given by Prof. Cleveland Abbe in the 
Amer. Jour. Soi., 1871, Vol. I, pp. 411-415. Having lately been able to 
consult a copy of The Analyst or Mathematical Museum in which Adrain's 
paper was published I found that on pages 96 and 97, to which Prof. Abbe 
makes no reference, there is given a second deduction of the law of facility 
of error of an entirely different nature from that presented on pages 93-95. 
As this is a matter of considerable historical interest and as The Analyst for 
1808 is quite rare I give the proof in Adrain's own words, 



